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Abstract

Fuzzy set theory and fuzzy numbers constitute a cornerstone of modern uncertainty
modelling, enabling the representation of imprecise information in both theoretical research
and practical applications. This paper investigates these concepts through a detailed case study
that compares several fuzzy number representations—triangular, trapezoidal, and
interval-valued—and examines their efficacy in a typical engineering design problem. By
integrating quantitative metrics such as membership function shape, distance measures, and
computational complexity, the study elucidates the trade-offs inherent in selecting a fuzzy
number type for decision-making contexts. The results demonstrate that while triangular fuzzy
numbers offer simplicity and speed, trapezoidal forms provide greater flexibility for
asymmetric uncertainty, and interval-valued numbers excel when data scarcity precludes a
precise membership function. The discussion situates these findings within the broader
literature, highlighting gaps in current distance metrics and the need for hybrid
probabilistic-fuzzy frameworks. Finally, the paper offers recommendations for practitioners
and outlines directions for future research aimed at refining fuzzy number theory and its
applications.

Introduction

Uncertainty is ubiquitous in engineering, economics, medicine, and environmental science, yet
traditional probability theory often fails to capture vagueness arising from linguistic
descriptors, measurement imprecision, or incomplete knowledge. Fuzzy set theory, introduced
by Zadeh (1965), provides a mathematical foundation for handling such ambiguity by allowing
partial membership of elements in sets. The extension of fuzzy sets to fuzzy numbers—
numerical values with associated membership functions that express gradations of belonging—
has become essential in fields where numerical data cannot be precisely defined. Over the past
decades, numerous scholars have proposed diverse fuzzy number representations, including
triangular, trapezoidal, and interval-valued forms, each offering distinct advantages in terms of
expressiveness, computational tractability, and interpretability (Liu & Wang, 2018; Geng &
Shen, 2019). Despite this growth, the comparative effectiveness of these representations
remains underexplored, particularly within concrete engineering case studies.
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The present study seeks to fill this lacuna by conducting a systematic comparison of three
canonical fuzzy number types within the context of a structural optimization problem. By
applying each representation to the same uncertain parameters and evaluating the resulting
design outcomes, the research elucidates how the choice of fuzzy number influences solution
quality, computational cost, and sensitivity to input uncertainty. The analysis builds on earlier
work that has examined fuzzy number distances (Liu & Li, 2020) and risk assessment (Liu &
Wang, 2021) but extends it by integrating a full set of performance metrics and by providing a

detailed empirical illustration.
Literature Review

Fuzzy set theory has evolved through multiple phases, beginning with the original concept of
fuzzy subsets of crisp universes and progressing toward sophisticated frameworks for decision
making and optimization. Early contributions by Zadeh (1975) and Zimmermann (2001)
established the theoretical underpinnings of membership functions and operations on fuzzy
sets, while subsequent research focused on practical implementations in engineering systems
(Ahmed & Al-Mahmood, 2021). The representation of fuzzy numbers, however, has generated
a substantial body of literature that explores both shape and computational aspects. Triangular
fuzzy numbers, characterized by a single peak and two linear tails, have long been favored for
their simplicity and ease of analysis (Zadeh, 1965). Trapezoidal numbers, which add a plateau
to the core region, allow for modeling of parameters with a range of equally plausible values
(Liu & Wang, 2018). Interval-valued fuzzy numbers, wherein each value is associated with an
interval of possible membership grades, provide a robust alternative for highly uncertain or
data-poor contexts (Geng & Shen, 2019).

A critical component of fuzzy number theory is the definition of distance metrics, which enable
comparison and aggregation of fuzzy quantities. While several metrics exist—such as Lp
norms, vertex-based distances, and support-based measures—none has achieved universal
acceptance, and the choice often depends on the application domain (Liu & Li, 2020).
Moreover, the integration of fuzzy numbers into optimization frameworks has revealed
challenges related to nonlinearity and computational burden. Adaptive algorithms that reduce
dimensionality or approximate fuzzy operations have been proposed to mitigate these issues
(Ranie & Jafari, 2020; Liu & Wang, 2021). Recent investigations into hybrid probability—fuzzy
models (Wang & Huang, 2014) demonstrate the potential for combining probabilistic data with
fuzzy linguistic terms, yet the complexity of such models demands further methodological
refinement.

The application of fuzzy numbers in diverse sectors—ranging from medical diagnosis (Sahoo
& Ho, 2017) to environmental risk assessment (Zhao & Liu, 2016)—highlights their versatility.
Nevertheless, a systematic assessment of how different fuzzy number types perform in a
unified setting remains scarce. The present paper addresses this gap by empirically comparing
triangular, trapezoidal, and interval-valued fuzzy numbers within a single case study, thereby
providing actionable insights for engineers and decision makers.
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Methodology

The research design follows a comparative experimental framework that employs a canonical
structural optimization problem: the minimization of the weighted sum of deflection and
material cost for a simply supported beam subjected to a uniformly distributed load. Four
uncertain parameters are defined: beam span, material modulus of elasticity, cross-sectional
area, and applied load magnitude. Each parameter is modeled as a fuzzy number, with the same
linguistic descriptor (“approximately’’) applied across all representations to ensure consistency.
The triangular fuzzy number is specified by lower bound, modal value, and upper bound (1, m,
u), the trapezoidal number by (I, m1, m2, u), and the interval-valued number by a lower and
upper support interval with a core interval (1, u, c1, c2). The specific values for each parameter
were chosen based on typical engineering specifications and corroborated by industry
handbooks (Ahmed & Al-Mahmood, 2021).

To solve the optimization problem under each fuzzy representation, the study adopts the
extension principle (Zadeh, 1965) to propagate fuzziness through the objective function,
followed by a-cut decomposition to convert the fuzzy optimization into a family of
deterministic problems. For each a-cut, a linear programming subproblem is solved using the
simplex method, and the resulting objective values are aggregated to reconstruct the fuzzy
objective. The computational steps were implemented in MATLAB R2024a, and the entire
process was automated to ensure reproducibility.

Performance metrics were defined to evaluate the comparative efficacy of the fuzzy
representations. First, the width of the resulting fuzzy objective function provides a measure of
uncertainty amplification. Second, the computational time for each representation indicates
algorithmic efficiency. Third, the sensitivity of optimal design variables to a-cut levels captures
the robustness of solutions under varying degrees of confidence. Finally, a distance metric
derived from Liu & Li (2020) was employed to quantify the divergence between fuzzy
objective outcomes across representations.

Results

The comparative analysis yielded distinct patterns across the three fuzzy number types. The
width of the fuzzy objective function, measured as the difference between the maximum and
minimum objective values across a-cuts, was smallest for the triangular representation (=~ 8.2 %
of the nominal objective) and largest for the interval-valued form (= 14.7 %). This indicates
that triangular fuzzy numbers produce tighter bounds on the objective, whereas interval-valued
numbers reflect greater pessimism regarding uncertainty. Computational time, averaged over
1000 a-cut levels, was lowest for triangular (0.12 s), moderately higher for trapezoidal (0.18 s),
and highest for interval-valued (0.25 s) formulations, reflecting the increased complexity of
handling interval cores and support sets.

Sensitivity analysis revealed that the optimal beam span varied by +3.4 % under triangular
numbers, £4.7 % for trapezoidal, and +£7.1 % for interval-valued inputs, suggesting that
solutions based on interval-valued numbers are more susceptible to parameter fluctuations.
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Table 1 summarizes these metrics across the three fuzzy representations.

S
Representation Objective Avg. Computation Szz:itivit Distance
P Width (%) | Time (s) y Metric (o)
%)
Triangular 8.2 0.12 34 0.15
Trapezoidal 12.1 0.18 4.7 0.21
Interval-valued | 14.7 0.25 7.1 0.33

Table 1. Comparative performance metrics for fuzzy number representations
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Figure 1: Membership functions of the three fuzzy number types used in the study,
highlighting the differences in core width and support bounds.

Figure 1 illustrates the membership functions of the three fuzzy number types used in the
study, highlighting the differences in core width and support bounds.

The distance metric, calculated using the centroid-based approach of Liu & Li (2020), confirms
that interval-valued numbers diverge most markedly from the triangular baseline (¢ =0.33),
while trapezoidal numbers show moderate deviation (¢ =0.21). These findings suggest that the
choice of fuzzy representation materially affects both the precision of the objective estimate
and the computational cost of the optimization process.

Discussion

The results corroborate the hypothesis that simpler fuzzy number shapes yield tighter objective
bounds and lower computational demands, at the expense of potentially underrepresenting
uncertainty. Triangular fuzzy numbers, with their single peak and linear tails, appear to impose
an implicit assumption of symmetry and uniform uncertainty distribution, which may not hold
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in all engineering contexts. Trapezoidal numbers remedy this by allowing a plateau of maximal
membership, thereby accommodating scenarios where a range of values is equally plausible.
Nevertheless, the added flexibility incurs a modest penalty in computational effort and

increases sensitivity to o-cut variations.

Interval-valued fuzzy numbers, by explicitly modeling uncertainty through support and core
intervals, provide the most conservative representation. Their wider objective width and greater
span sensitivity reflect a cautious stance that could be advantageous in safety-critical
applications where overoptimistic designs are unacceptable. However, the higher
computational burden and pronounced divergence from the triangular baseline raise questions
about practicality, especially in large-scale problems or real-time decision contexts.

These patterns resonate with earlier theoretical insights. For instance, Liu & Wang (2018) noted
that trapezoidal numbers improve modeling fidelity for asymmetric data, while Geng & Shen
(2019) highlighted the need for interval-valued approaches when data scarcity precludes
precise membership definition. The current empirical evidence supports these claims but also
quantifies the trade-offs, offering concrete guidance for practitioners.

The study also underscores the limitations of existing distance metrics. Although the
centroid-based measure used here effectively differentiates between representations, it may not
capture perceptual differences in risk perception or decision-maker preferences. Future
research could explore hybrid metrics that blend geometric and probabilistic considerations,
potentially drawing on the probability—fuzzy integration framework proposed by Wang &
Huang (2014). Additionally, the a-cut decomposition employed here, while conceptually
straightforward, can be computationally intensive for high-dimensional problems; adaptive
a-cut schemes or stochastic approximation methods could alleviate this burden.

Conclusion

By systematically comparing triangular, trapezoidal, and interval-valued fuzzy numbers within
a structural optimization case study, this paper illuminates the practical implications of fuzzy
number selection for engineering decision making. Triangular numbers offer speed and
precision but risk underestimating uncertainty; trapezoidal numbers strike a balance between
flexibility and computational cost; interval-valued numbers present the most conservative view
at the expense of higher complexity and sensitivity. These findings provide actionable insights
for practitioners who must balance accuracy, robustness, and efficiency in uncertain
environments. Future work should focus on developing adaptive fuzzy number frameworks
that dynamically adjust representation complexity based on data quality, as well as integrating
fuzzy distance metrics with probabilistic risk assessment tools to better capture decision-maker
preferences.
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